We study a tight-binding model of chiral d-wave superconductivity on the honeycomb lattice. The nearest-neighbor pairing ensures a nontrivial sublattice structure and nonunitarity of the superconducting pairing potential. We show that it generates persistent loop currents around each lattice site and opens a topological mass gap at the Dirac points, resembling Haldane's model of the quantum anomalous Hall effect. In addition to the usual chiral d-wave edge states, there also exist electron-like edge resonances due to the topological mass gap. We calculate the intrinsic ac Hall conductivity in this superconducting state, which is an experimentally observable manifestation of the loop-current order, resulting in the polar Kerr effect without an external magnetic field. Similar results also hold for the nearest-neighbor chiral p-wave pairing state.
I. INTRODUCTION
Chiral superconductors, which possess order parameters that break time-reversal symmetry, are currently the subject of much attention due to their nontrivial topological properties.
1,2 The best known example of a chiral pairing state is the A phase of superfluid 3 He.
3
Here Cooper pairs have the orbital angular momentum quantum numbers L = 1 and L z = ±1, and the pairing potential has (p x ± ip y )-wave symmetry. A direct solid-state analogue of this phase is believed to be realized in the triplet superconductor Sr 2 RuO 4 . 4 Chiral superconductivity can also be obtained for pairing with higher-order orbital angular momentum. For example, the low-temperature phase of UPt 3 may realize a chiral f -wave state, 5, 6 while chiral d-wave superconducting states have been proposed for URu 2 Si 2 and SrPtAs. 7, 8 Many other materials have been predicted to show chiral superconductivity, such as water-intercalated sodium cobaltate Na x CoO 2 · yH 2 O, 9 the half-Heusler compound YPtBi, 10 and transition metal dichalcogenides.
11-13
The breaking of time-reversal symmetry in a chiral superconductor can be revealed by a number of experimental techniques, e.g. muon spin rotation or Josephson interferometry.
2 In the last ten years, measurements of the polar Kerr effect have emerged as a key experimental probe.
14 It gives evidence for an anomalous ac Hall conductivity at zero external magnetic field, which is a signature of broken time-reversal symmetry. A number of superconductors have been shown to display a nonzero Kerr signal below their critical temperatures, specifically Sr 2 RuO 4 , 15 UPt 3 , 16 URu 2 Si 2 , 17 PrOs 4 Sb 12 , 18 and Bi/Ni bilayers. 19 Although these observations give clear evidence for broken time-reversal symmetry, there is ongoing debate over the mechanism underlying the polar Kerr effect in chiral superconductors. An extrinsic Kerr effect may originate from impurity scattering, [20] [21] [22] whereas an intrinsic Kerr effect is possible for clean multiband superconductors. [23] [24] [25] [26] [27] [28] [29] The latter mechanism requires that the pairing potential depends on electronic degrees of freedom beyond the usual spin index, e.g. orbital or sublattice indices. However, it remains unclear what general model-independent conditions these additional electronic degrees of freedom have to satisfy in order to produce a Kerr effect.
A minimal theoretical model of a chiral superconductor is provided by the Hubbard model on the honeycomb lattice. Various theoretical techniques [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] applied to this system generally agree on the existence of a spin-singlet chiral d-wave state at a doping level close to the van Hove singularity. Closer to half-filling, however, different methods have yielded singlet and triplet pairings, 34, 41, [44] [45] [46] [47] pair-density-wave Kekule order, 49, 50 or an unconventional coexistence with antiferromagnetism. 48, 51, 52 The purpose of our paper is not to further interrogate the phase diagram, but rather to examine the properties of the chiral d-wave state in the case where the nearest-neighbor pairing dominates. Such inter-sublattice pairing would satisfy the multiband requirement 23 for the anomalous Hall conductivity. Thus, chiral d-wave pairing on the honeycomb lattice can provide a minimal model of the intrinsic Kerr effect, in contrast to the more complicated multiband models of Sr 2 RuO 4 23-26 and UPt 3 .
27-29
In this paper, we point out that the chiral d-wave pairing on nearest-neighboring sites is nonunitary. The nonunitarity reflects the varying participation of the two sublattices in the pairing across the Brillouin zone and is manifested most clearly by the appearance of a topological mass gap at the Dirac points. This mass gap originates from the presence of loop currents in the chiral superconducting state, in a striking analogy to Haldane's model of the anomalous Hall insulator. 56 Furthermore, we demonstrate that the loop currents produce a nonzero anomalous Hall conductivity, hence connecting the appearance of the Kerr effect in superconductors with arXiv:1802.02280v1 [cond-mat.supr-con] 7 Feb 2018 the nonunitarity of the pairing potential.
The paper is organized as follows. We introduce the spin-singlet chiral d-wave pairing state on the honeycomb lattice and demonstrate its nonunitarity in Sec. II. Then we examine the formation of the mass gap at the Dirac point in Sec. III and demonstrate the existence of loop currents in Sec. IV. The anomalous ac Hall conductivity is calculated in Sec. V. A phenomenological treatment of the loop currents is outlined in Sec. VI, before we conclude in Sec. VII with a brief discussion of the broader implications of our work. In Appendix A we show that a spin-triplet chiral p-wave state on the honeycomb lattice has similar properties. More general expressions for the loop-current order and the Hall conductivity in the case inequivalent sublattices are given in Appendix B. The high-frequency small-gap limit of the ac Hall conductivity is derived in Appendix C.
II. NONUNITARY CHIRAL PAIRING
The Bogoliubov-de Gennes (BdG) Hamiltonian of the chiral d-wave pairing state on the honeycomb lattice is
where
T , and the operator a k,σ (b k,σ ) creates a spin-σ electron with momentum k = (k x , k y ) on the A (B) lattice sites. Using the Pauli matrices s µ to encode the sublattice degree of freedom, we write the normal-state Hamiltonian as
Here µ is the chemical potential, t is the nearest-neighbor hopping amplitude, and the R j are the vectors of length a connecting an A site to its neighboring B sites, see Fig. 1 . For generality, we also include the Semenoff term 53 as a staggered potential δ s . This makes the A and B sites inequivalent, hence breaking inversion symmetry and lowering the point group from D 6h to D 3h . As shown in Sec. III, a topologically trivial gap opened by the Semenoff term at the Dirac points K and K in the Brillouin zone competes with a topologically nontrivial gap originating from the superconductivity.
We consider chiral spin-singlet superconducting pairing on the nearest-neighbor bonds along the directions R j shown in Fig. 1 . This gives the pairing term
The magnitude ∆ of the pairing potential is the same for each bond j, but the phase is φ j = (j − 1)2π/3, and the two choices of sign in Eq. (4) define degenerate pairing potentials with opposite chiralities. The pairing potential can also be expressed in terms of basis states of the irreducible representation E 2g the superconducting pairing breaks time-reversal symmetry. A similar nonunitary sublattice gap structure has been recently proposed for the chiral f -wave pairing in UPt 3 .
27,54
To understand the physical implications of the nonunitarity of the chiral d-wave pairing, it is instructive to review the more familiar nonunitary odd-parity triplet state in a single-band model. 55 Here it is customary to write the pairing potential in spin space as ∆ k = i(d k · σ)σ y , where d k is the so-called d-vector, and the gap product is
A nonunitary gap is indicated by the presence of the last term, which can be interpreted as the spin polarization Tr{∆ † k σ σ σ∆ k } of the pairing state at k. 55 Integrating this quantity over the Brillouin zone, one can obtain either a nonzero ("ferromagnetic") or vanishing ("antiferromagnetic") net spin polarization.
A similar interpretation can be developed in our case. The nonunitary part of the gap product in Eq. (8) gives the sublattice polarization of the pairing state at wavevector k
which represents the relative participation in the pairing of electrons on the A and B sites. Pairing at the M point of the Brillouin zone involves both sublattices equally, whereas pairing at the K (K ) point involves exclusively the B (A) sublattice for the ∆ + potential; the sublattice polarization is reversed for ∆ − . 52 Thus, the pairing state can be considered "sublattice antiferromagnetic," since the integrated sublattice polarization vanishes. A similar nonunitary gap structure is found for an odd-parity spin-triplet chiral p-wave state discussed in Appendix A. However, we focus only on the spin-singlet chiral d-wave pairing in the main text.
III. TOPOLOGICAL MASS GAP
Let us set the Semenoff term in Eq. (2) to zero first: δ s = 0. In this case, there is no gap at the Dirac points K and K in the normal state. However, the energy spectrum of the BdG Hamiltonian Eq. (1) shows an unexpected gap opening at the Dirac points near E = ±µ = ±0.5t in Fig. 2(a) , far away from usual superconducting gap at the Fermi level E = 0. The momentum q = k − k K is measured relative to the K point in Fig. 2 .
To gain insight into the nature of this unexpected gap, we derive an effective Hamiltonian for the states near the Dirac points, perturbatively including the superconducting pairing in the limit ∆ |µ|. Our starting point is the formal expression for the electron-like component of the Green's function,
To find the energy spectrum in the vicinity of the Dirac points, we make the replacement ω → −µ in the last term of Eq. (10) and obtain an effective Hamiltonian
Close to the K point, we can expand this to linear order in the relative momentum
with the correction due to superconductivity
Near the K point, the expansion of the unperturbed Hamiltonian is identical except for the reversed sign of the coefficient of q y , and the correction is
Note that the simple forms of Eq. (13) and Eq. (14) can be obtained from the last term in Eq. (10) only in the vicinity of the Dirac points, where H 0 in Eq. (12) reduces to the unit matrix in the limit of vanishing q. Equation (11) can be interpreted as an effective normal-state Hamiltonian with the second-order perturbative correction due to superconducting pairing.
The perturbative correction given by Eqs. (13) and (14) is proportional to the matrix product in Eq. (8), the unitary part of which only shifts the energy of the Dirac point, whereas the nonunitary part introduces a mass gap. The gapped energy dispersion derived via this perturbative argument, shown by the dashed red curve in Fig. 2(a) , is in excellent agreement with the dispersion of the full model near to the Dirac point.
The mass gaps at the K and K points introduced by the superconductivity [Eqs. (13) and (14)] have opposite sign. This suggests a topologically nontrivial state, recalling Haldane's model of the quantum anomalous Hall state on the honeycomb lattice. 56 The topological nature of the mass gap is confirmed by calculation of the Chern number for the different bands and observation of chiral edge states within the energy gaps via the bulk-boundary correspondence. With the opening of the mass gap, the four eigenstates of the BdG Hamiltonian in Eq. (1) are everywhere nondegenerate, so a Chern number ν α can be defined for each band α = 1, 2, 3, 4, as labeled in Fig. 2 the armchair edge. The nonzero Chern numbers of the outer bands 1 and 4, which are separated by the mass gap from the inner bands 2 and 3, imply that the mass gap is topological. Thus, we would expect to find a single chiral edge state within each mass gap. However, due to the spectrum doubling in the superconducting state, the hole-like states generally overlap with the energy range of the mass gap and can hybridize with the edge state. Nevertheless, the edge state persists as a predominantly electron-like edge resonance inside the mass gap between bands 1 and 2 in Fig. 2(b) . A combination of a nonzero Semenoff term δ s = 0 in Eq. (2) and the superconducting corrections Eq. (13) and Eq. (14) produces different magnitudes of the mass gaps at the two Dirac points K and K . At a critical value δ c = 1 2 ( 9|∆| 2 + µ 2 − |µ|), the gap at one of the Dirac points passes through zero and changes sign. Correspondingly, as shown in Fig. 3 , there is an abrupt change in the Chern numbers of all BdG bands at this topological phase transition. For |δ s | > δ c , the Chern number of the outer bands 1 and 4 vanishes, although the sum of the Chern numbers of the occupied bands 3 and 4 remains −2. This is consistent with the mass gaps at K and K having the same sign, which is topologically trivial. Accordingly, we do not observe any edge resonance within the gap, as shown in Fig. 2(c) .
Repeating the calculations for a zigzag edge, we also find evidence for Haldane states. However, they are mixed with the standard flat-band edge states that exist at the zigzag edges of a hexagonal lattice, making their interpretation more complicated.
IV. LOOP CURRENTS
A direct connection to Haldane's model 56 can be obtained in the somewhat artificial limit where the nearestneighbor hopping t is vanishing. In this case, the Hamiltonian H 0 = −µ in Eq. (10) does not depend on k, so the effective Hamiltonian δH(k) = −∆ ± (k)∆ † ± (k)/2µ in Eq. (13) is applicable in the whole Brillouin zone and can be Fourier-transformed to real space from Eq. (8) . This result is illustrated by a real-space perturbation theory in Fig. 4(a) , where the non-local superconducting pairing generates an effective next-nearest-neighbor hopping via an intermediate localized hole state (of energy µ) in the second order of perturbation in ∆. Due to the chirality of the superconducting pairing, the effective hopping amplitudes t l and t r that veer to the left and to the right of the B site have opposite complex phases
Equation (15) Fig. 4(b) . To describe these current loops more rigorously, without making the artificial approximation t = 0, we introduce the loop-current operator
Here c 1 and c 2 are the primitive lattice vectors (see Fig. 1 ), the operator a r,σ (b r,σ ) destroys a spin-σ electron on the A (B) site of the unit cell corresponding to the lattice vector r, and τ 0 is the unit matrix in Nambu space. The loop-current operator in Eq. (16) has zero expectation value in the normal state, but acquires a non-zero value in the chiral d-wave state, which in the absence of the Semenoff term is given by
Here E k,j=1,2 > 0 are the quasiparticle dispersions corresponding to the upper two bands shown in Fig. 2 (a)
† (k)s z ∆(k)} is essential for the existence of the loop currents. From Eq. (9) we see that it has the same momentum dependence as the term in front of the fraction in Eq. (17), so the summand has the same sign everywhere in the Brillouin zone, and thus the expectation value χ lc is nonzero. The inclusion of the Semenoff term does not alter these conditions for a nonzero expectation value, but Eq. (17) is replaced by a more complicated expression which is given in Appendix B. In contrast, a unitary chiral d-wave state, with only intrasublattice pairing, 36 does not generate the nontrivial effective hoppings, and so the loop currents are not present. Furthermore, if there were no phase differences between the superconducting pairing amplitudes ∆ j=1,2,3 on different bonds in Fig. 1 As shown by the Feynman diagrams in Fig. 5 , the Hall conductivity can be obtained as the difference
of the current-current correlation functions
where ω n is a bosonic Matsubara frequency. Here J a is the a-component of the current operator
where V k is the velocity vertex in Nambu notation
with matrix elements 
where e z is the unit vector along the z direction perpendicular to the hexagonal plane. The sign of σ H (ω) is correlated with the sign of the chemical potential µ, and the Hall conductivity vanishes at µ = 0 (at the Dirac point) due to particle-hole symmetry. The real and imaginary parts of the Hall conductivity calculated from Eq. (22) are shown in Fig. 6 . This expression is consistent with Eq. (24) of Ref. 27 for the Hall conductivity in UPt 3 , in the limiting case where the Kane-Mele-like spin-orbit coupling and intrasublattice hopping terms are neglected.
As the point groups of UPt 3 and the honeycomb lattice are both D 6h , such terms are also allowed in our model, but we neglect them for simplicity. From the numerator of Eq. (22), it is clear that the anomalous Hall conductivity σ H (ω) is nonzero only when the sublattice polarization of the pairing state in Eq. (9) has common irreducible representations with the product of velocities (v k × v * k ) · e z . The full result Eq. (22) is rather complicated, but it simplifies in the high-frequency limit ω t. Following the argument of Ref. 57 , the Hall conductivity in this limit is given by
Remarkably, the commutator of the x-and y-components of the current operator appearing in this expression is directly proportional to the loop-current operator Eq. (16) [
We hence find that the high-frequency Hall conductivity is proportional to the expectation value of the loopcurrent operator:
Equations (23)- (25) establish a direct connection between the Hall conductivity and the loop currents discussed in Sec. III. As shown in Fig. 6 , the agreement between Eqs. (22) and (25) is very good for ω 4t. An alternative derivation is presented in App. C in the limit of small ∆, where the Green's functions appearing in Fig. 5 can be expanded to the second order in the pairing potential. This approach yields Eq. (C4) similar to Eq. (25), but with the BdG energies E k replaced by the normal-state energies k . The high-frequency Hall conductivity in Eq. (25) is real, but the polar Kerr effect is primarily sensitive to the imaginary part of the Hall conductivity when the refraction index is predominantly real.
14 Although it is not possible to directly associate the imaginary part of the Hall conductivity at a given frequency to the loop currents in the superconductor, an indirect connection is provided by the sum rule
Again, the right-hand side of this equation is proportional to the expectation value of the loop-current operator, and we hence conclude that the existence of the loop currents ensures the presence of a nonzero imaginary Hall conductivity. It should be noted that, in contrast to nonsuperconductors, the dc Hall conductivity in superconductors is not related to the Chern number, as discussed in Appendices A and B of Ref. 21 . Thus, the topological phase diagram shown in Fig. 3 in terms of the Semenoff term δ s is not particularly relevant for the calculation of the Hall conductivity. A generalization of Eq. (22) in Appendix B for a nonzero Semenoff term shows that the ac Hall conductivity σ H (ω) is nonzero for any value of δ s . Moreover, in the high-frequency limit, Eqs. (23) and (24) are still valid for δ s = 0, so the Hall conductivity is always proportional to the loop-current order, which is mainly sensitive to the pairing potential and only weakly dependent upon the Semenoff term. A general formula for the intrinsic ac Hall conductivity in terms of the Berry curvature was derived in Ref. 59 for nonsuperconducting two-band systems, which include Haldane's model. However, this formula is not directly applicable to our superconducting case, because the effective two-band model derived in Sec. III is only valid near to the Dirac points. (25) (black dotted line) agrees very well with the exact result for ω 4t. The inset shows a more detailed comparison of the asymptotic and exact results. We use the same parameters as in Fig. 2(a) , and set the temperature kBT = 0.05t.
VI. PHENOMENOLOGICAL TREATMENT OF LOOP CURRENTS
In Eq. (17) we obtained a nonzero expectation value of the loop-current operator from a microscopic theory of the chiral d-wave state. Alternatively, it can be also derived from a phenomenological Landau expansion of the free energy describing the coupling between the superconducting and loop-current orders
where F 0 is the normal-state free energy. The first two lines describes the superconductivity, where η 1 and η 2 are the order parameters corresponding to the two states in the E 2g irreducible representation. The term with β 2 > 0 stabilizes the time-reversal symmetry-breaking combination of η 1 and η 2 studied here. The coupling to the loopcurrent order parameter δ lc ∝ χ lc is given by γ, and κ > 0 implies that this order is subdominant. Minimization of F with respect to δ lc shows that the loop-current order become induced in the time-reversal-breaking superconducting state. A more intriguing possibility could be that the loopcurrent order preempts the superconductivity. We speculate that fluctuating superconducting order may cause the Z 2 time-reversal symmetry to be broken with δ lc = 0 at a higher temperature than the continuous U (1) gauge symmetry, which is rigorously permitted only at zero temperature in two dimensions. This scenario is directly analogous to the proposal 60 that loop-current order preempts pair-density wave formation in the underdoped cuprates.
VII. CONCLUSIONS
We have demonstrated that the nearest-neighbor chiral d-wave superconducting pairing on the honeycomb lattice is nonunitary due to sublattice polarization of the pairing. The nonunitary pairing generates topological mass terms with opposite sign at the Dirac points K and K , as in Haldane's model of a quantum anomalous Hall insulator. 56 The nonunitary pairing also produces loop currents in the superconducting state and an intrinsic ac Hall conductivity in the absence of an external magnetic field, which are direct manifestations of timereversal symmetry breaking. We explicitly relate both the real and imaginary parts of the Hall conductivity to the loop-current order.
Thus, nonunitarity in non-spin degrees of freedom appears to be an essential ingredient for the existence of an intrinsic Hall conductivity. The model considered here is the third example of such a system, after the two earlier examples. The Taylor-Kallin model of the Kerr effect in Sr 2 RuO 4 requires different pairing in the Ru d xz and d yz orbitals, which implies a nonunitary gap in the d xz -d yz orbital space. 23 A recent theoretical treatment of the Kerr effect in UPt 3 relies upon the nonunitary sublattice dependence of the pairing potential permitted by the nonsymmorphic symmetry. 27, 54 The similarity of these models to the case considered here suggests the intriguing possibility that the Hall conductivities in these systems can also be understood in terms of a loop-current order induced by the nonunitary pairing. The observation of the polar Kerr effect in many unconventional superconductors therefore suggests that nonunitary pairing may be realized in a broad range of materials.
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Appendix A: Nonunitary chiral p-wave state
Other chiral pairing states on the honeycomb lattice also possess a nonunitary character in their sublattice degrees of freedom. For example, chiral p-wave triplet superconductivity with nearest-neighbor pairing has been considered by several authors. 44, 46, 47, 52 Here we examine the case where the d-vector of the triplet pairing is oriented along the z axis, which is also the spin quantization axis. In this representation, the triplet pairing takes place between the opposite spins and is described by the BdG Hamiltonian Eq. (1) with the pairing potential
(A1) Note that one of the off-diagonal terms has opposite sign compared with Eq. (4) for the pairing potential of the chiral d-wave state, but the phases along each bond φ j = (j − 1)2π/3 are the same. As shown in Fig. 7 , the phase of the pairing on each bond winds by 2π as one moves around a hexagonal plaquette, in contrast to the chiral d-wave state where the phase winds by 4π.
The pairing potential Eq. (A1) can be decomposed into basis states of the irreducible representation E 1u
Projected onto the states at the Fermi surface, the basis functions ∆ p x (k) and ∆ p y (k) appear as p x -wave and p ywave triplet states, respectively. Like the basis functions for E 2g [Eqs. (6) and (7)], these states contain the matrices s x and s y , but here with odd-and even-parity coefficients, respectively. This ensures that the pairing potentials are odd under inversion, i.e.
. The E 1u basis functions can be obtained from the basis functions for E 2g by multiplying them with s z . This follows from the direct product rules for the point group D 6h , since s z belongs to the irreducible representation B 1u and E 1u = B 1u × E 2g . As such, the gap product is the same as for the chiral d-wave case
The physics arising from the nonunitarity of the gap is thus essentially the same as for the chiral d-wave state discussed in the main part of the paper. We finally note that in the presence of a Semenoff term, the reduced symmetry of the lattice implies that both the p-wave and d-wave pairing potentials are basis states of the same irreducible representation E of the point group D 3h . As such, a chiral state can generally involve a mixture of the two.
48,52
Appendix B: Effect of Semenoff term on loop-current order and Hall conductivity For simplicity, the main text gives Eq. (17) for the loop-current expectation value and Eq. (22) for the Hall conductivity only in the absence of the Semenoff term, i.e. for δ s = 0. Here we present the general expressions for δ s = 0, which may be useful for applications to transition metal dichalcogenides, [11] [12] [13] where the A and B sites are strongly inequivalent.
In the presence of the Semenoff term, the loop-current order expectation value is given by
where the coefficients of the quartic polynomial in the fermionic frequency ν m in the denominator are
The numerator in Eq. (B1) is no longer directly proportional to the nonunitary part of the pairing potential Tr{∆ † (k)s z ∆(k)}, but now also contains a term proportional to the Semenoff term δ s . Nevertheless, the contribution from this additional term, which is also proportional to fermionic frequency ν m , is only nonzero if the coefficient c 1 of the linear term in the denominator is also nonzero. As this is only the case if the pairing potential is nonunitary, the key role of the nonunitarity in producing the loop currents is robust to the presence of the Semenoff term.
The Hall conductivity in the presence of the Semenoff term is given by
.
(B5)
Similarly to Eq. (B1), a nonzero Semenoff term again results in a new term proportional to δ s in the numerator. The coefficient of δ s in the numerator of Eq. (B5) has the full symmetry of the lattice, whereas the prefactor (v k × v * k ) · e z belongs to the irreducible representation A 2 of the point group D 3h . The contribution from this new term will thus be vanishing, unless the denominator also contains a term in the irreducible representation A 2 . Such a term is only present if the linear coefficient c 1 of the polynomials in the denominator is nonzero, which requires a nonunitary pairing potential. Thus, the presence of a nonzero Hall conductivity remains a signature of nonunitary pairing in the presence of the Semenoff term.
Appendix C: High-frequency small-∆ limit
The high-frequency limit of the Hall conductivity was derived in Ref. 57 from the general form of the currentcurrent correlation function. Here we present an alternative derivation based upon approximating the Green's functions in the Feynman diagrams shown in Fig. 5 . Specifically, in the high-frequency limit |ω| |∆|, the Hall conductivity Eq. (22) should only weakly depend upon the modification of the dispersions in the superconducting state. We thus expect that a perturbative expansion in the pairing Hamiltonian will quickly converge. To achieve this, we first note that the full Green's function G is related to the Green's function of the normal system G 0 by the Dyson's equation
where H ∆ is the pairing part of the BdG Hamiltonian Eq. (1). Expanding this to second order in H ∆ , we approximate G by
Note that the normal part of the Green's function in Eq. (C2) reproduces Eq. (10). Using the approximate Eq. (C2) to replace the full Green's function in the current-current correlator π xy (iω n ), we obtain the expansion shown in Fig. 8 . Performing the analytic continuation iω n → ω + i0 + , the first diagram on the right hand side is ∼ 1/ω in the high-frequency limit, as the external frequency passes through a single normal-state Green's function. The next diagram is also ∼ 1/ω, since a redefinition of the internal frequency (see second line) also allows the external frequency iω n to pass through a single normal-state Green's function. In contrast, the external frequency in the third diagram must necessarily pass through two Green's functions, and this diagram can be shown to be at least ∼ 1/ω 2 in the high-frequency limit.
Keeping only the first two diagrams, therefore, we approximate π xy (iω n ) as shown in the second line of Fig. 8 . We observe that in performing the Matsubara summation over the internal frequency, the residue of the poles of the Green's function containing the external frequency will be at least ∼ 1/ω 3 , whereas the residue of the poles of the other Green's functions will be ∼ 1/ω. Since the ∼ 1/ω contribution only arises from the unit matrix (i.e. τ 0 ⊗ s 0 ) component of the Green's function containing the external frequency, we make the approximation G 0 (k, iν m ± iω n ) ≈ (±iω n ) −1 τ 0 ⊗ s 0 and hence factor the external frequency out of the Matsubara sum. This yields the diagram involving the commutator of the velocity vertices and the second-order Green's function correction G 0 H ∆ G 0 H ∆ G 0 . This product is proportional to the expectation value of the loop-current operator Eq. (17) expanded to lowest order in the pairing potential. Evaluating this diagram to obtain the Hall conductivity, we obtain
where k,1(2) = +(−) ( x k ) 2 + ( y k ) 2 − µ are the dispersions in the normal state. A similar analysis yields π yx (iω n ) = −π xy (iω n ). We hence obtain the Hall conductivity
We recognize this as the lowest-order term in the expansion of Eq. (25) in powers of the gap magnitude. 
Diagrammatic derivation of the high-frequency small-∆ limit. The current-current correlator πxy(iωn) is expanded in powers of the pairing Hamiltonian H∆, which is treated as a perturbation. The leading-order contribution in the high-frequency limit comes from the first two terms on the right hand side, as shown in the second line. Note the redefinition of the internal frequency iνm = iνm + iωn in the second term. After the Green's functions containing the external frequency are factored out, the result is expressed in terms of the expectation value of the loop-current operator χ lc . The double line represents the full Green's function G, and the single line denotes the Green's function G0 of the normal system.
